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General Moment Theorems with Applications
Michael J. Coons
Advisor: Klaus Kirsten, Ph.D.

A well-known result by Hardy-Ramanujan gives an asymptotic expression for the
number of possible ways to write an integer as the sum of smaller integers. We first re-
derive this result in the framework of a saddle-point approximation using elementary
properties of the Riemann zeta function. We then consider the general partitioning
problem of writing an integer n as a sum of summands from a given sequence A of non-
decreasing integers. Under suitable assumptions on the sequence A, the associated
zeta function and saddle-point methods are used to obtain asymptotic results about
the number of possibilities for such a partitioning. Higher moments of the sequence A
as well as the expected number of summands and the variance are also calculated, then
applications are made to various sequences, including those of Barnes and Epstein
types. These results are of potential interest in statistical mechanics in the context

of Bose-Einstein condensation.



Approved by the Department of Mathematics:

Robert Piziak, Ph.D., Chairperson

Approved by the Thesis Committee:

Klaus Kirsten, Ph.D., Chairperson

John M. Davis, Ph.D.

Paul A. Hagelstein, Ph.D.

Gregory J. Hamerly, Ph.D.

Brian E. Raines, D.Phil.

Approved by the Graduate School:

J. Larry Lyon, Ph.D., Dean



General Moment Theorems with Applications

A Thesis Submitted to the Graduate Faculty of
Baylor University
in Partial Fulfillment of the
Requirements for the Degree
of

Master of Science

By
Michael J. Coons

Waco, Texas

May 2005



Copyright (©) 2006 by Michael J. Coons

All rights reserved



TABLE OF CONTENTS

LIST OF FIGURES

ACKNOWLEDGMENTS

1 Introduction

2 Zeta-functions

2.1
2.2
2.3
2.4
2.5

Introduction . . . . . . ...
Riemann Zeta-function . . . . . . .. ... ..
Barnes Zeta-function . . . . . ... ... ...
Epstein Zeta-function . . . . . . .. ... ...

General Zeta-function . . . . . . . . . ... ..

3 Riemann Type Moments

3.1
3.2

3.3

Introduction . . . . . ...
General Resultsof all k. . . . . ... ... ..
3.2.1 Case k =0, (Hardy-Ramanujan) . . . .
322 Casek=1................
323 Casek>2. . .. ... ... ... ...

Properties of Summands . . . . . .. .. ...

4 General A-Type Moments

4.1
4.2

4.3

Introduction . . . . . . ... ...
General Results forall & . . . . . .. ... ..
4.2.1 General A-type: k=0 . ... ... ..

4.2.2  General A-type: Case k>1 . . . . ..

Properties of Summands of A-Type Sequences

il

vi

10
18
26

28
28
28
33
35
36
39



5 Some Applications of General Moment Theorems

5.1 Introduction . . . . . . . . .

5.2 Zeta-functions with One Singularity

5.3 Barnes Type Moments . . . . . .. .. .. ... ... . ...

5.3.1 2-dimensional . . . . . . ...

5.3.2 3-dimensional . . . . . . ...

5.4 Epstein Type Moments . . . . . . . . ... ... ... . ... .....

54.1 2-dimensional . . . . . . ... .

5.4.2 3-dimensional . . . . . . ...

5.5 Moments over Spectra from PDE’s

6 Conclusion

APPENDICES

A k-independence of Saddle-Point

A.1 k-independence of Saddle-Point Leading Order . . . . . . . . .. ...

A.2 k-independence of exponential contribution . . . . . .. ... ... ..

B Fourier Analysis

BIBLIOGRAPHY

v

52
52
52
55
25
26
57
o8
29
60

64

66

67
67
69

71

76



LIST OF FIGURES

2.1 The Contour C in the Complex Plane. . . . . .. ... ...

3.1 The Contour from o — ic0 to 0 + 200 in the Complex Plane.

5.1 The Manifold M in the Complex Plane. . . . . . . .. . ..



ACKNOWLEDGMENTS

First of all, I would like to thank my advisor, Dr. Klaus Kirsten, without whom
this thesis would not have been possible. For his never ending patience, his attention
to detail, and his inspiration, I am forever grateful.

I would also like to thank the members of my thesis committee for all of their
hard work and time spent on reviewing this thesis, as well as for their helpful com-
ments. Special thanks is given to Dr. John M. Davis for his monumental effort in the
preparation of the KXTEX document class, which made the formatting of this thesis a
trivial task.

I also thank my parents for their confidence in all of my endeavors.

Lastly, and most of all, I thank my wife, Alissa, for her constant support
throughout my research and preparation of this thesis. Without her I would not

be where I am today.

vi



CHAPTER ONE

Introduction

While it[the theory of partitions| seems to have only little, or no practical
application, it has, in a certain sense, just the right degree of difficulty: the
problems are far from trivial-but, at the same time, they are not so hard as to
discourage any attempt of a solution.

Emil Grosswald [13], 1966

The first significant work dealing with the theory of partitions can be attributed
to Euler [8], published in 1748. Partition theory then led a somewhat quiet life until
1918, when Hardy and Ramanujan [14], using some very involved combinatorics,
produced their celebrated theorem, which gives the asymptotic result for the number
of ways to write an integer as the sum of lesser integers.

In the mid-1970’s the area of asymptotic analysis blossomed with two of its
primary works, those of Dingle [5] and Olver [21]. Among the plethora of information
within these two books are some very nice results concerning the method of steepest
descent, more commonly called the saddle-point method. Also at this time, a mass
produced reprint of Andrews’ book, The Theory of Partitions [1], became available,
and L.B. Richmond wrote two papers [22, 23] using the saddle-point method to de-
scribe the moments of certain types of one-dimensional partitions. In the first of this
two part series, The Moments of Partitions I, using asymptotic analysis instead of
combinatorics, Richmond reproduces the results of Hardy-Ramanujan [14] as well as
calculating higher moments and variance. In his second paper, The Moments of Par-
titions II, Richmond goes on to give asymptotic results for the moments of a general
sequence whose associated zeta-function has only one singularity in the interval (0, 1].

Though Richmond’s results are remarkable, his use of the saddle-point method

is not very clear. Also, he does not address the question of a sequence that gives
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rise to a zeta-function with arbitrarily many singularities at arbitrary values, a mul-
tidimensional zeta-function. Building upon the results of Richmond, and taking full
advantage of the saddle-point method as well as asymptotic analysis, this thesis an-
swers that question.

To introduce the layout of this thesis: Chapter 2 covers all of the zeta-function
background needed. All of the results given can be found in the current literature.
Background on the Riemmann zeta-function can be found in [7] and [30]. Though the
Barnes and Epstein zeta-functions are a little more obscure, they are of paramount
importance in mathematical physics, one need only look at the works of Barnes [3],
Kirsten [18, 19], or Elizalde [6], for a full reckoning. Properties of a general zeta-
function are addressed by Voros [31].

To emphasize the importance of the zeta-function of Riemann, we have entitled
Chapter 3, Riemann Type Moments. Using our improved method, we recreate and
correct the results of Richmond’s first paper, among other things re-deriving the
famous Hardy-Ramanujan theorem described above.

Chapter 4 brings us to the heart of this thesis. We improve Richmond’s results
by deriving what we call the General Moment Theorems. The first of these theorems
addresses the question, given a sequence A, with limited assumptions, how many ways
are there to write a natural number n as a sum of members from the sequence A? The
other general moment theorem addresses higher moments. To conclude Chapter 4,
we apply the General Moment Theorems to find the variance of the average number
of summands.

In Chapter 5 we apply the General Moment Theorems to a variety of sequences,
starting with the application of the General Moment Theorems to a sequence whose
associated zeta-function has only one singularity. In essence, this is what Richmond
describes in his second paper, except we assume no restriction on the location of the

singularity. We then reproduce the results of Nanda [20] for 2- and 3-dimensional



Barnes-type partitions, and proceed to consider 2- and 3-dimensional Epstein-type
partitions. Chapter 5 concludes with an application to partitions over eigenvalues of
a partial differential equation, calculating the variance in each of the above cases.
The advent of mathematical physics, specifically the area of statistical mechan-
ics in the context of Bose-Einstein condensation, has brought partition theory to the
forefront of current research. With applications such as these we hope that the re-
sults of this thesis will be of interest to not only number theorists, but to the physics

community as well.



CHAPTER TWO

Zeta-functions

If only I had the theorems! Then I should find the proofs easily enough.

G.B. Riemann!

2.1 Introduction
All of the results given in this chapter can be found in the current literature.
Background of the Riemmann zeta-function can be found in [7] and [30]. Though the
Barnes and Epstein zeta-functions are a little more obscure, they are of paramount
importance in mathematical physics, one need only look at the works of Barnes [3],
Kirsten [18, 19], or Elizalde [6], for a full reckoning. Properties of a general zeta-

function are addressed by Voros [31].

2.2 Riemann Zeta-function
The zeta-function of Riemann is one of the most studied functions to date. Due to
the large amount of information that has already been presented in other sources, we
proceed to show only those results that will be used in our examination of partition

theory. For further results see [7] or [30].

Definition 2.1. Let s € C with Rs > 1. We define the Riemann zeta-function as

Crls) = Z%.

neN

Definition 2.2. For s € C with Rs > —1, we define the II-function as

H(s):/ tSe tdt.
0

1 Quoted in I Lakatos, Proofs and refutations (Cambridge, 1976)




The II-function, while not used anymore, was the historical precursor to the

[-function, which Riemann used. More specifically we have for all s € C, that
II(s — 1) =T'(s),

so that they are equivalent. We will use this notation for the historical proof of the

following proposition.

Proposition 2.1. Let s € C. Then

I(—s) [T (—2)° dx
i /+OO et —1 (2.1)

(r(s) =
where the limits of integration describe the contour C, which is shown in Figure 2.1.

t

R
Qﬂ

: - Rt
|

Figure 2.1. The Contour C in the Complex Plane.

Historical Proof. First we separate out the integral to

/+oo (—z)*dx /+°° (—z)° dz +/ (—x)® dx N /5i5 (—z)° dz
oo =1 sy et—1x o € — 1 x oo =1

where C*(0,6) = de™” with ¢ € (5, 2F). By simple contour integration we have

1 _ S
lim - / oy de
6—0 271 C*(0,5) e*—1ux
so that the middle integral disappears as § — 0, and we have that

/+oo ﬂd_x . [/-FOO (l.)s(_l)sd_l, . /5—1'5 (x)s(_l)sd_x
s

oo =1 x  bFie—0 | J5,. €€ —1 Too e —1 =




Note here that our contour contains a branch cut along the positive real axis, so that
we must substitute carefully. Above the branch cut e™ = —1, and below the branch

" — —1 so that we have

/+oo (_:E)s dx — lm /+oo (x)s(eiws) dx B /+oo (m)s(e%’ﬂs) dx
+oo e —1 x  b+ie—0 srie =1 = s e*—1 =

—ie

[ [T

cut e”

5—0 et —1 T
+oo OO
=2i sin(ﬂs)/ o g e "dx.
0

n=1

Now we use the identity

o €e*—1

n=1

so that
/ () de 2isin(ms)II(s — 1)Cr(Ss).

1o =12

Note that II(s) = sII(s — 1) so that [10] gives,

Then by substitution we have

T (—x) de  2mill(s — 1)
/m =1 (s = =) R
211
= Ti(—s) )

With a little rearrangement we conclude

I [ oy de

2mi Jip € =1

(r(s) =

)
which is the assertion. O

In the above proof we more or less showed that the two sides of the equation were
equal. Though this is a valid proof, it is not very useful; that is, it is not constructive.
For a more useful proof, we develop a construction involving the I'-function defined

below.



Definition 2.3. For s € C we define the general ['-function by

I(s) = b /C (—t)*te7tdt. (2.2)

2isin(ms)
For s > 0,
I'(s) = / tletdt. (2.3)
0

Lemma 2.1. Let A # 0 be a spectrum over a non-decreasing sequence of natural num-
bers, A. Then for Rs large enough
> il =) / (=)' e Mt (2.4)
AS 27 C ’ ’
AEA A€A

Proof. First we write

I(s) = — /C (—2)~le~"da.

2i sin(ms)
Now let x = At so that dx = Adt. This substitution yields

—1
= ————— [ (=) teMAdt
2isin(7s) /c< ye
—1

— _t s—1 7>\t)\5dt
2i sin(7s) /c< ) ’

so that dividing each side by A* and summing over A yields

Z X 2isin(ms) sin(7 / ! Z e Vdt.

AEA AEA

[(s)

271

Using the identity 2isin(7s) = (s 8ives

Z% _ ZF(; / s 1 Zef)\tdt

AEA AEA

which is the assertion. O

Corollary 2.1. Let X # 0 be a spectrum over a sequence A, as described above. Then

for Rs large enough

Z% / ety e Mat. (2.5)

AEA AeA



Constructive Proof of (2.1). In (2.4) we let A = n and let n range over N, the natural

numbers. This gives

(r(s) = Zni = % /(—t)s—1 > et

“ neN

Note that Y, e ™ = = so that

P

n(s) = D=3 /c (—t)* dt

2mi et—11¢’

which is the assertion. O

We continue in our analysis of (z(s) by computing values and residues of (z(s)
at particular values of s. In this process we will see that the Riemann zeta-function

is intimately connected to the Bernoulli numbers, which are defined as follows.

Definition 2.4. We define the nth Bernoulli number, B,,, by

t
= > B (2.6)

This definition leads us to the following proposition.

Proposition 2.2. Let n € Ng. Then

Bn+1
n+1

(r(=n) = (=1)"

Proof. Using (2.1) we write

T(n+1) / (—t)~" dt
C

r(=n) = =5 e —1 ¢

(—1)"n!/ P
= T ———dt.
2me c et —1

Substituting with our definition for the Bernoulli numbers we have

(—1)%!/ ~ B nes
—n) = — M4t
rl=n) =553 szo m!

An easy application of the Cauchy Residue Theorem yields

Bn+1
n+1

(r(=n) = (=1)"

Y

which is our desired result. O



Let us now change our focus to the calculation of the residue of (z. As a

preliminary we compute the residues of the I'-function as the following lemma.

Lemma 2.2. The residues of I'(s) occur at s = —n where n € Ny, and furthermore,
—1)™
Res {I'(s)} = ( ') . (2.7)
s=—n n.

Proof. Note that (2.3) gives
[(s) = / t e tdt
0

1 fo's)
= / e tdt 4+ / ts~te tdt.
0 1

The right hand integral converges for all s € C so that it does not contribute to the
residues of I'(s).

Now we have

1 1
1 - - —" =" 1
t 1etdt:/t51§ ( thdt =) : :
/0 0 = n! nl n+s

n€Np
and so the residues of I'(s) occur at s = —n for n € Ny, and
—1)"
Res {I'(s)} = ( '> : O
s=-n n:

Using this we have the following proposition.

Proposition 2.3. There is only one residue of (g(s), which occurs at s =1, and

Res {(r(s)} = 1.

Proof. Starting with (2.5) and summing over N yields
CR(S) = _1 /OO tS—l Ze—ntdt
F(S) 0 neN

1 1 51 1 o0 ps—1
= dt dt.
I'(s) /0 a1 I'(s) /1 et —1

Since I'(s) is analytic at s = 1 (i.e. I'(1) = 1) and the right hand integral is convergent

for all s € C, the second term will not contribute to the residue of (5.
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Taking a closer look at the integral of the first term, and using (2.6), gives

1 s—1 1 n
t t B 1
dt = | t°72 —B,dt = on :
/Oet—l /0 gN:n! Zn! n+s—1
n€eNy

n€Np

so that

1 By

Res {(r(s)} = T o 1

As one looks at the above equality it is tempting to think that (z(s) will also have

1

residues for all —s € N, because this would give — e

singular behavior. This does

not occur since ﬁ = 0 for all —s € N (see eq. (2.7)), and so the only residue of

T

(r(s) occurs at s = 1. 0O

The final calculation we will make in this background section will be to calculate
FﬁPl’ {Cr(s)}, the finite part of the Riemann zeta function, about s = 1. To do this we

employ the functional equation for (z(s),
s,..s—1 _: ST
Cr(s) = 2°7° Lsin (?) T(1 - 5)Cr(1 — s), (2.8)

proof of which may be found in [7]. We now expand (z(s) about s = 1 + ¢, via the

functional equation to yield

(r(l4+2)=(2+2In2+ O(?)) (L+elnm+ O(%)) (1 + O(e%)) x
< Res {T(1 )} (1= 26(1) + O() (Gr(0) — G (0) + O()) (29)

where 1(z) = &L InT'(2), is the Euler function. Note that [10] gives ¢(1) = —~, where

7 is Euler’s number, and (;(0) = —% In 27, so that one obtains the finite part of the

Riemann zeta-function at s =1 as

E:I? {(r(s)} = —1(—=In2—In7m — v+ 1In27) = . (2.10)

2.3 Barnes Zeta-function
After studying the zeta-function of Riemann, it is a logical step to generalize the

theory to more general spectra. As a first example we look at the spectrum

)\:T1m1+7“2m2+"'+7"dmd:7“ s
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where r; € R and m; € Ny, for ¢ = 1,2,...,d. This leads us to the zeta-function
of Ernest William Barnes [3], commonly the Barnes zeta-function of dimension d,
denoted (p.

We begin our investigation of the Barnes zeta-function in the same spirit as the
Riemann zeta-function, first deriving an integral representation, and then we continue

by determining particular values and evaluating residues.

Definition 2.5. Let s € C with R®s > d, and a € R, ¥ € R? such that a + m# > 0 for
all m € Nd. We define the Barnes zeta function as
L 1
Cs(s,alr) = m%N:g atmi
Proposition 2.4. Let s € C. Then
—1 7at

s, am_ 1—5 /H 1—e7“1)dt' (2.11)

Proof. In (2.4) we let A = a + m7 and let 1 range over Nd. This gives

. 1 iT(1—s) -t (a i)t
CB(SaaV) = Z (a+ﬁi7—”)s = ot / Z e dt

meNd meNG
which becomes
Cs(s,alr) = Fi-s / e dt,
I 1 —en)
which is the proposition. O

Note that shrinking the contour to the non-negative real axis gives the following

corollary.

Corollary 2.2. For s > d,

Cals, alf) = / T R (2.12)

]_ _ e—rjt)
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We may view the Barnes zeta-function as a multidimensional Riemann zeta-
function. Just as the Riemann zeta-function was intimately related to the Bernoulli
numbers, there is an analogous relation between the Barnes zeta-function and the
Bernoulli polynomials, in a way the multidimensional Bernoulli numbers. To see this

relation we use the following definition, and proceed to find residues and values of (3.

Definition 2.6. We define B” (a]r), the generalized d-dimensional Bernoulli polyno-

mial, by

A Co VU Y ) (PP
[T (-t [I0, 7 ; o Ba"(alr). (2.13)

Proposition 2.5.

(_1)d+z d
d B((if)z(ah:‘)a

132825 {CB(Sv a|7:>} = (Z _ 1)l<d — Z)' szl Tj

where z =1,...,d.

Proof. Let z=1,...,d, then we write,

slfat

Cg(s,alr) = 2m /H T )dt.

Using our Bernoulli representation (2.13) at s = z, we yield

z 1 fat _ \z2—1_—at
/ = Res g e
2mi H 1 —eh ) =0 e (T =)

B 2

(d =)= 7y

Substituting this back into our original equation and using the preceding Lemma, we

have

(=1)¢
(d— ) TTy 7
( 1)d+z

:(2_1)( _2)'1_[—1 Tj d z(a|F)

which is the assertion. O

Res {¢a(s.al7)} = B (alf) - Res {T(1 - s)}
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Proposition 2.6. Let n € Ny, then

_ (—l)dn! (d)
ol alf) = T Bl

Proof. Let n € Ny, then we write,

—n—1 —at
—n,alr dt.
Ge(=n, alf) = 27m /H L (1—eit)

Within the proof of the last proposition we gain

—n—1 fat B (_1)d71 (@) e
2m/n o= i Bl

Jj=1"J

so that since I'(1 + n) = n! we yield the desired result

(—l)dn! Eld)
d +n
(d+n)! szl r;

(al7).

(g(—n,alr) =

[]

As we go further into our study of partition theory, we will be very interested

—

in the specific case 7= 1. For 7 = 1,

Cs(s,a) = Ca(s,all) = > a+Zml =Y efP(a+1)"
m;ENg =0

where el(d) is the number of ways to write [ as a sum of at most d non-negative integers.

Note that if [ = 0, then el(d) = 1 since there is only one way to write 0 as the sum of

non-negative integers. The first few values for el(d) are,

1 d—1
l:O, —':
0! d—1
d
o1 4o
1. d_l
d+ 1)d d+1
=g DA
2! d—1
3 (d+2)(d+1)d [d+2

3! d—1

which motivate our next proposition.
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Proposition 2.7. Let 7 = 1, then

(5(s,a) = Cs(s,all) = Ze (a+1)"

where

l+d—-1
d—1
This proposition is shown by proving the recurrence relationship provided above.

It is summarized in the statement

" n+k n+m+1
> = 7

k=0 n+1

a proof of which may be found in most any undergraduate text on combinatorics, see
[4] for details.

Ultimately we are striving to write the Barnes zeta-function as a linear com-
bination of simpler zeta-functions; that is, to deal with the d dimensional spectrum
as a combination of lesser dimensional spectra. To do this we need the following

proposition.

Proposition 2.8. For 61 deﬁned above, we have

Zgz l—i—adl_i,

d —1) d
where g( )( ) = (dEi,l)l)!iQBi( )(CL).

Proof. Let us define g§d)(a) through the equation

l+d—1 G
el(d): Zgl l_{_adlz‘
d—
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Differentiating we get that

d d) _ o _ i-1— 4 (a) N (d) d—1—(i+1)
Gt = 0= [l 0 @+ (a1 e
(g it L@
(@ 1L g0 ayt
d—1
(s (d) i (d) d—1—(i+1)
X[ 6+ D)@ + sl @ )
=0
so that
d
e (@) =0
and
d ()

. (d)
%%H(a) = (Z +1- d)gi (a’)a

for:=20,2,...,d — 1. Note that the Bernoulli polynomials satisfy the relationship

d .
-B%i(a) = (i + 1B (a),

so that a natural ansatz is

9(a) = C(i,d)B{"(a),

where C(i,d) is some constant depending on i and d. Some calculation reveals that

C(0,d) =

ﬁ, so that recursively we have gfd)(a) =1 dSi)li)!u BZ-(d) (a). O

At this point a relationship between (g, the Hurwitz zeta-function (defined
below), and ( is established. This will be useful later, when computing finite parts

of (g, which arise in Section 4.2.2, when discussing higher general moments.

Definition 2.7. Let s € C with ®s > 1 and ¢ € R with ¢ > 0. We define the Hurwitz

zeta function as
o0

1
Cu(s,a) = Z (n+a)s

n=0

Corollary 2.3. Let s € C with Rs > d and a € R with a > 0.

d (_1)k+d

(5:9) =2 G D=

!Bg?k(a)gH(s +1—k,a) (2.14)

where Bi(d)(a) = B-(d)(a]f).
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Proof. By calculation we have

Va+1)

NE

(p(s,a) =

=0

T
D

9. (@)(a+ 1"

[
NE
]

Q. o~
[l

_= O

<.

N /\ 1]
=)

( u(s+1+4+i—d, a),

i

(d)

where g;"'(a) is defined as in the previous proposition. Using this
d—1
(d) ;
1+i—d,a).
g d—i— 1 "L' (a)CH(S+ +1 7(1)

Now we set i = d — k and run k from 1 to d, so that

d (_1)k+d @
Cs(s,a) = Z e k)'Bd_k(a)CH(s +1—k,a),
p ! !
which is the desired result. O

The only finite part of the Barnes zeta-function that arises later is that of the
singularity at the dimension. That is for a d-dimensional Barnes zeta-function, (l(gd),
we need only determine FI—; {Cs(s,a|r)} for the results of this paper. We proceed as

Ss=

follows. We first write, using (2.12),

s—1 —at
Cl(ﬁd)(87a|m / H t erj _1)

1 oo ys—1 <a+2':1 T])t
- SE )

MO T 0—e)

The above integral contains the pole at t = d. Note that as we approach our
lower integration bound, as t — 0, and as s — d the integrand behaves like %, and so
the integral is divergent at s = d. We wish to separate out the divergent part of the

integral at s = d, thus we add and subtract the asymptotics as ¢ — 0. We continue
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the above equalities, as

d 1 > s—1 —(a d_
Cz(s)(SyaW):m/o prlem ()i

We denote the second term of the above sum by [ K(gd)(s, a|r). The integrand of
Iéd)(s,a\F) behaves like % as ¢t — 0 and s — d, so that [éd)(s,&h?) is convergent at
s = d, thus the pole at s = d of Cl(;d)(s, a|r) is contained in the first term. Expanding

the first term about s = d + ¢ gives

r(e) '> (a+zrj> :<a+2m> LR {T(s = )} 7%

T(d+¢) (szl par

x (1—evy+0(e%) (1 —eyp(d) + O(e?)) ,

where ¥(z) = d#‘lz InT'(z), is the Euler function, and v the Euler number. Thus we

conclude with the following proposition.

Proposition 2.9. The finite part of the d-dimensional Barnes zeta-function at s = d
18

FP {ggd><s,a|f)} _ <a + irj) (%) + I9(d, a|7) (2.15)

where [l(gd)(s,am is defined as above.
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2.4 Epstein Zeta-function
As a preliminary to looking at the general Epstein zeta-function, we will look at the

small ¢ behavior of the sum

§ :efath

n

where a > 0 and we are summing over Z, Ny, or N. Note that with use of Fourier
Transforms (see Appendix B) we have
Z e—nzﬂa: o 1 Ze—n27r/:c
nez \/E nez
Making the substitution x = % we gain
S et = T S e (2.16)
at
nezZ nel

Focussing on the right most sum in (2.16) we see that

Ze—n2ﬂ'2/at =1+ O<€_ﬂ2/at),

ne”L

so that

Soeet= [1 + O(e’”Q/at)] . (2.17)

at
nez
From now on we will use "~” to denote equality up to exponentially damped terms.

We now apply this to three different summation ranges which result from the eigen-

values of —(.f—; on the interval with periodic, Neumann, and Dirichlet boundary con-

ditions.
For the periodic boundary condition we are interested in the sum over Z. From
the above calculations it is quite immediate that for small ¢ values

D DCRARNRY (2.18)

at
nez
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For the Neumann boundary condition we are interested in the sum over Nj.

Note that using (2.16) we have

Z efanzt _ % <Z ean2t> + %

n€eNg nez

1 m 2.2 1
_ = o —nm?/at -
_2<\/atze )+2

ne”l

1 1
Z R 5 T 5 (2.19)

n€eNg

so that

Likewise for the Dirichlet boundary condition we are interested in the sum over
N. Note that the Dirichlet case is just a shift of the Neumann case (Ny — N), so that
we merely subtract 1, which gives

1 /m 1
—an?t

~ == — = 2.20
> e A\ 2 3 (2.20)

neN
It is also worthy to note that the small ¢ behavior of the above series depend heavily
on (2.17).
To continue on in the same fashion, let us consider the small ¢ behavior of the

series

2 2
§ e—alnlt—a2n2t

ni,n2

where a1, a, > 0 and for each index we are summing over Z, Ny, or N. When summing
over Z we have

E e—aln%t—agngt — (E :e—am%t) <§ €—a2n§t>

n1,nN2€ZL ni1€Z no€Z
so that (2.18) gives

2 2 ™
E e—alnlt—aant ~ t_l.

A/ a1
n1,n2€Z 172

Likewise summing over Ny we have

2 €—a1n%t—a2n%t — ( E €—a1n%t> ( E e—azn%t)

n1,m2€Ng n1€ENp n2€Np
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so that (2.19) gives

2 2 1 s s
€7a1n1t7a2n2t ~ ( - 1) ( + 1)
nl;No 22 alt v t
t_* —
4« /a1a2 ( \/ (11 V CL2) +

Finally, with the Dirichlet boundary condition in mind, summing over N we

have

§ : efalnftfazngt — (2 : a1n2t> <§ e a2n2>

ni,ne€N ni €N no €N

so that (2.20) gives

Z 67a1n2t agngt % ( l . 1) ( [ T . 1)
nymaeN 2 alt t
34l
4« /a1a2 CL1 CL2 4

Again note that all of the above relations depend on (2.16) and (2.17).

Finally we look at the small ¢ behavior of the general case. Let 77 = (ny,na, ..., nq),

and consider the series

2 2 2
E —ainjt—asnit—--—aqnst
e 1ny 2no altg

—

n

where a; > 0 and k = 1,2,...d, and we are summing 7 over Z% N& or N¢. When

summing over Z? we have

d
2 2 2 2
2 efalnltfagnztf---fadndt — | | < § eaknkt>

neZd k=1 \ny€Z
d
—_ H / § —nk7r2/akt
a
k=1 k ngEZ

so that (2.18) gives

d
T2 d
E efalnlt a2n2t7 7adnd ~ H tii.
ak a1a2 Qq

ez
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Likewise summing over N we have

d

Z e alnt agnit—- 7adndt H ( Z emn%t)

RENG k=1 \n1€Ng

so that (2.19) gives
1 T
efaln%tfagngtf---fadnit ~ -+ 1. 291
Z 2d H akt ( )
AENG k=1

It is convenient here to transform the above finite product into a finite sum;

that is,
d — d
H( T_,J+1) =) et (2.22)
k=1 n=0
where ¢cg = 1, and forn =1,2,...,d,
o=y (H ) , (2.23)
lv|=n 1€V

veP({1,2,....d})

where P({1,2,...,d}) is the power set of {1,2,...,d} (i.e. the set of all subsets of
{1,2,...,d}). Thus we have
1 I 1 &

Z efaln%tfagngtf---fadngt _d H ( ) _ ﬁ Z Cnt%n,
neNd
where the ¢,,’s are described above.

Finally, with the Dirichlet boundary condition in mind, summing over N¢ we
have

d
§ e—aln%t—agngt—m—adnit — | | (E :e—aknit)
k=1

€N n €N

so that (2.20) gives

d
E efaln%tfagn%tf---fadnflt i H )
d
neENd =1

As in the proceeding case transforming the above finite product into a finite

sum, using the same ¢,’s we have

kHI (\/Tzkt - 1) = é(—ndncntz"
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and so
1/ 7 1<
—ain?t—asnt—---—agn3t = _1\d—n ==
Ze 1ny 2M3 ddNﬁH( a_kt_1>_2dz( 1) CntQ.
eNd k=1
To start our analysis of the Epstein zeta function, let us recall the following

definitions.

Definition 2.8. Define Q(171, 7) = rimf 4+ rom3 + - - - 4+ rqm3. Let s € C with Rs > 4,
and a € R, 7 € R? such that a + Q(m,7) > 0 for all m € N&. We define the Epstein

zeta function as

SRGEDS !

— S N
2 (e Q)
Using the I'-function as we have with other zeta functions we come up with the

following representation:

Proposition 2.10. Let s € C, then
il'(1—s) 1 ow vy
— _t S a m,r dt
Gelsal) = 5= [ (e > e
meNy

where Q(m, ) is defined as above.

Proof. In (2.4) we let A = a+Q(m,7) and let 17 range over Nd. This gives the desired

result directly. ]

Let z =4 for j = 2,4,...,|d]°, where |x]° is the largest even integer less than
or equal to z. To find the residues of (¢(s,a|r") at s = z, we compute the integral
/(_t)z—le—at Z €_Q(7ﬁj‘)tdt.

¢ meNg
Note that, with the use of (2.21), we get that

) _1)=! —at)" A
/ (—t) e Y e QI = (el 21 Y ( §'> chﬁ'“dt.

¢ meNg
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Since the integrand is analytic everywhere but at ¢ = 0, using the Cauchy Residue

Theorem, we continue

zZ— n d
_ \e—1_—at — QW) 74 _ (‘1) ! 2—1 (—at) =k
(—t)* e E e dt = T t E g cpt2 dt

|
¢ T?LGNg ¢ n€Np n k=0
: d
27”(_]-)271 (_a)n n—E4z-1
=T Res DD ey
neNg k=0
Note that the only contributing term in the sum is g —n = z. In general there are

several different options for k£ and n that will satisfy this relation. This consideration
gets cumbersome as cases for even and odd d need to be considered separately. We
will ultimately be interested only in the cases with a = 0, and so will consider this
case only in more detail.

For a = 0, the calculation is simplified. The integral is

- Z —Q( —1)! - Zd =k
/(_t)z 1 e Q(m7ﬁtdt: %/tz 1 th 3 dt
¢ meNg ¢ k=0
. d
2ri(— 1)

so that & = z (2z = k) is the only term that contributes. Thus

d .
1 s 2mi(—1)*1
— —tz_lll W — 1) dt = ———cs..
21 C( ) k1< rit i ) 24 ”

This gives

C2z
2d(z — 1)’

Res (Ge(s, al)} ~ S enRes (11 - ) =

which is only valid for z € N (i.e. I'(1 — z) is analytic everywhere else, see (2.7)), so
that using this method yields only the residues at natural number values, missing the
residues at z = % where j is odd.

Due to the shortcomings of the above method for finding all of the residues of

(e, we proceed differently.
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The residues of (¢ should occur at z = §, where j = .d. Let us start with
1 o0 .
Ce(s,alr) = —/ t5temat Z e~ QUL gt (2.24)
I'(s) Jo eNo

Note that with respect to the residues of (¢, only the small ¢ behavior is needed so

that we may break up (2.24) to
s—1 —at (m,7)t
Ce(s,alr) = s{/ /}t Ze dt
meNg

and consider only

o 1 5 1 7at Q(m,7)t
E(s,a|r) = ) / Z e dt, (2.25)

meNg

realizing that the residues of (¢ are precisely those of E. Applying (2.21), we have

1 € .
E(s,a|r) = F(s)/o s temat Z e~ QUL gt

meNg
d
T Sy ) R
- - £ dt
240(s) J, Z nl Z Ck
neNg k=0
1 d (—a)”
n—s-+s
= E E Cr €
QdF( ) neNg k=0 TL'(TL -5 - S)

Here we run into the same problem as above; that is, there are many different options
for k and n that will satisfy this relation, so that the same complication arises.
Again for a = 0, the calculation is simplified, and we have, as a corollary to the

above, that

w\:r

E(s,07) = er Z s (2.26)
so that we have shown the following Prop051t10n.

J

Proposition 2.11. For s = g,

1

Res {Ce(s,07)} = mcja
=3 2

where j =1,2,...,d and ¢; is as described in (2.23).
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In the same fashion we could have considered the Epstein functions resulting
from the other boundary conditions.

In later sections we will be interested in the finite part of (¢(s,0|7). A formula
for the finite part of the d-dimensional Epstein zeta-function would be notationally
cumbersome, so in lieu of this we give a recursion formula, using Dirichlet boundary
conditions, which may easily be applied to any particular dimension. Once down to
the one-dimensional case the finite part of the Riemann zeta-function is applicable.

Since we will now be dealing with multiple Epstein zeta-functions of different
dimension, we adopt the convention of superscripted dimension; that is, we denote
the d-dimensional Epstein zeta-function by Céd).

We use the following definition of Kelvin functions from [10].

Definition 2.9. For [ph z| < 5 and Rz* > 0, denote

Ko (2) = (3>”/Ooot—” et Rt (2.27)

Proposition 2.12. Let rq4 # 0. Then, for Dirichlet boundary conditions,

I (s — l) T _ 1
(d) o 2 o (d-1) _ 0l
G (s,0]7) = —ZF(S) Hrd s (5 2,0|7’) +

1 d—1) 2 s —a(sts
-5 é ( ,0]7) + F(s)ﬂrdZ( 2)><
) 5 (d—1) (7
X Z(Q(d_l)(ﬁ,F))§(§ )md K1 | 2mmy (7, 7) (2.28)
rq
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which yields

o
(d) 0 — _ 1 l/ ts_%_l _Q(dfl)(ﬁlﬂ—:)tdt
gS (‘97 |T) QF(S) rat 0 Z € -

meNd—1
o / D D
2F(S) 0 meNd—1
L(s)\ rat Jo =, '

where QU (m, 7) = Q(, ) —rgm?2; that is, mg is left out of the summation. Noting
that the first two terms in our above sum are multiples of (d — 1)-dimensional Epstein

zeta-functions, and applying (2.27) to the third term, yields our desired result. [

Note that for all s € C the sums in (2.28) are rapidly convergent as the Kelvin
functions are exponentially damped for large arguments.
Again, in a similar fashion, the other boundary conditions could have been dealt

with.

2.5 General Zeta-function
In this section we examine a general zeta-function, determining residues and
particular values. We first introduce the general type of sequence we want to use,
giving it certain basic restrictions.
Let A be a monotonically increasing sequence of positive numbers such that the
following hold.

(i) The partition function,

o) => e (2.29)

converges for Rt > 0.

(ii) For t — 0, O(t) admits a full asymptotic expansion,

Ot) ~ Y Ayt (2.30)

n€eNg
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where {i,,} C R and {i,} is monotonically increasing to infinity with iy < 0. For later
convenience we denote —ig = o, —%1 = fi1, etc. as needed.
We are now in a position to define a general zeta-function (of A-type) as the

following.

Definition 2.10. Let A be a sequence as described above, and let s € C with Rs > pq.
We define the general A-type zeta-function as

als) = Ai (2.31)

AEA

In order to find residues and particular values of (4, we will use the integral

representation,
1 [ee]
Ca(s) = —/ 71O (t)dt, (2.32)
I'(s) Jo
gained by applying (2.5). Since we are only interested in small t-behavior for finding
residues, and values of (5 (s) at s = —n, we may focus our examination on the function
L(s) = — / 03t (2.33)
5) = —— , .
I'(s) Jo
realizing that the residues, and values of (y(s) at s = —n, are precisely those of L

(Note that this is the same approach we used with the Epstein zeta-function).

Substituting (2.30) into the above equation and performing the integration, we

yield
L(s) 1 /6 ey At 1 oA e dt (2.34)
S == ’i7L " = 7/’rL N ) :
O P I(s) 2« (st i)
which gives the following propositions.
Proposition 2.13. The residues of (5 occur at s = —i,, and furthermore,
Res {Ga(s)) = 2 (2.35)
es s)} = : .
s=in 00 T(—i,)

Proposition 2.14. For n € Ny,

Ca(=n) = (=1)"nlA,. (2.36)



CHAPTER THREE

Riemann Type Moments

It is hoped that the following results are of interest in statistical mechanics as well
as in number theory.

L.B. Richmond [22], 1975

3.1 Introduction
In this chapter we take under consideration the question, how many ways may
one write a positive integer n as the sum of smaller integers? Within this consideration
the Riemann zeta-function plays a very natural role, and so we begin to apply the
background presented in Chapter 1 to what we call Riemann Type Moments. We
denote these particular moments in this way to emphasize the use of the Riemann zeta-

function and its various properties. Higher moments and variance are also considered.

3.2 General Results of all k
Definition 3.1. Let p,,(n) denote the number of partitions of n into m parts. The

k-th moment of p,,(n) is denoted by tx(n), and is defined by

where k € Nj.

Note that for m > n, p,,(n) = 0, and also that py(n) = 0.

This definition does not seem to be a reasonable way to evaluate t(n). The
method of attack we shall use will be to come up with a generating function for
tr(n) and then use properties of that generating function to yield a more reasonable

expression for calculating tx(n), at least for large n.

28
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Let us start by defining

o0

G(z,z) = H(l —z2") Tt = Z Z Pm(n)z" 2", (3.1)

r=1 neNg meNg
and introducing the operator

U=z—. (3.2)

Using (3.1), we have
I*G(z,2) = Z Z m*p,, (n)z™ 2™, (3.3)
ne€Ng meNy
To start our analysis we let z = 1 and use the convention G(x,1) = G(x), to see that
Gz, 1) = 9"Gx) = Y Y mFpu(n)a” =D ty(n)a”, (3.4)
n€Ng meNyp neNp
so that we have constructed a generating function for ¢x(n).
To construct a more usable form of t,(n) for evaluation, we use the Laurent
Series coefficients of ¥*G(x) above as well as Cauchy’s formula with ¢ > 0 suitably

chosen, to yield

1
te(n) = 277 o )ﬁkG(x)a;_(”“)da:, (3.5)
€
which easily becomes
1 1. 19k
tr(n) = — — = nat 5 ndtG(2) g0 (3.6)
271 C(0,€) xr
The substitution x = e~ gives
1 n(a+1 In9*Gle=*))
tk(n) = - e da, (3.7)
s.p.

where s.p. indicates a path that goes through the saddle point, at a = «, of the
integrand. A discussion of the saddle point follows Theorem 3.1.
Beginning with the calculation of the saddle point a = «, we will make system-

atic use of the following identity.



- Rt

Figure 3.1. The Contour from ¢ — i00 to o + ¢0co in the Complex Plane.

Proposition 3.1. Let 0 > 0, § > 0, and |ph a| < § —d. Then

1 o+100
e =— 270 (t)dt
271

T—100

where the limits of integration define the contour shown in Figure 3.1.

Proof. Note that (2.7) gives Res {I'(s)} = CU” for all n € Ny. Thus

n!

o+ioo
/ 20 (t)dt = tfi(zg {z7'T(t)} + Z z”slig% {T'(s)}

—ioo n€eNp
(=1)"

n!
n€eNg

2" = }1(2(5} {z7'T(t)} + e

It is left to the reader to verify that 7:Pies. {z7'T'(t)} = 0.

30

(3.8)

]

The choice of «, in the contour s.p., is dependent upon a saddle-point condition,

i.e. in the case that k = 0' , o is the solution of

n=Y

reN

(3.9)

Since we are interested in large n, we are interested in small «, hence we make an

L Tt is shown in Appendix A that n is independent of k up to O(a), and so this solution works

asymptotically for all k.
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asymptotic expansion for « sufficiently small. Note that

n= Z earr_ 1 - Z Z refo”ql

reN reN leN
1 o+100
= Z Z — ot VI () dt,
2m o—100
reN leN
where the integral is taken from (3.8). This gives
1 o+100 -
n=o_ a "(r(t — 1)Cr(HT(t)dt, (3.10)
T Jo—ico

where the contour is similar to Figure 3.1, but o > 2 so that we contain the residue

at t = 2. The integrand has a simple pole at ¢t = 2, and

—_t .
Res {a"Cr(t — )(r(OI(t)} = e
Thus
2

giving the following lemma.
Lemma 3.1. For sufficiently large n,

a=—" [1 + (’)(n’%)] (3.12)

(6n)2 ’ '

where a is a function of n given by (3.9).
Proof. Equation (3.12) follows directly from (3.11). O

In order to evaluate (3.7), we apply iteratively the following theorem of [21].

Theorem 3.1. (Olver, [21] p.127) Suppose that

(i) p(t) and q(t) are independent of z, and single valued and holomorphic in a
domain T.

(ii) The integration path P is independent of z. The endpoints a and b of P

are finite or infinite, and (a,b)p lies within T.
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(111) p'(t) has a simple zero at an interior point ty of P.

(iv) z ranges along a ray or over an annular sector given by 61 < 6 < 0y and
|z| > Z, where 0 = ph z, 0 — 0, < 7, and Z > 0. [(Ze") converges at a and b
absolutely and uniformly with respect to 0.

(v) R{e®p(t) —e®p(ty)} is positive on (a,b)p, except at ty, and is bounded away
from zero uniformly with respect to 8 ast — a or b along P.

Then

.7 —2p(t) ~ 9p—2p(t0) o) T2
I(z) = /Pe q(t)dt ~ 2e=*Pt E_O r (3+ 2) peGyo) (3.13)
as z — oo in the sector 61 < ph z < 0,.

We also note here that [21] gives the first two coefficients of the above sum as

q Y 2p/// q/ 5p///2 pw 1
ag = —\/W, a9 = {2(] - p” + 6p//2 - 2p// q (2p,,)3/27 (314)

where p, ¢, and their derivatives are evaluated at ¢y. [21] also gives the condition that

in forming 1/2p” and (2p”)*2, the branch of w = ph {p”(t¢)} must satisfy |wy + 0 +
2w| < 7, where w is the limiting value of ph (¢ — o) as t — t along (o, b)p.

We meet all, except (i), of the assumptions of the above theorem. To circum-
navigate (i), as previously stated, we apply the above Theorem iteratively, using
power series expansions, to (3.7) to yield

—27
nE"(c)

enaﬁkG(e—a) 1
1

tu(n) = 27

+—C?(n3/2)] : (3.15)

where F(a) = a+ £ In¥*G(e™), and a = a is the saddle point. We now have, with

the saddle-point condition (F’(a) = 0), that

1/d
Flla)=1+ - (@hl G(e‘“)) la=a = 0,

which gives £ InG(e™®) = —n, so that

1d d
F'(@) = ==~ (== G(e™) ) |oca
@) = r (- o) e
1dn

|a:om

n da
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thus
dn
F,/ — T 7 la=a
nF"(a) =~ ),
Applying (3.12), we gain
dn —7?
%\am w[ + O(a)],
and so
—2m _3 T _3 _3 _3 _3
[ Z_n|a_a+(’)<n )]—6—}1n +O<n ) —Zn4[1+(’)<n )] (3.16)
Note that (3.12) gives
e =" 1+ 0m™)], (3.17)
so that (3.15) becomes
te(n) = V*G(e ) - o161 teve" [1 +0 (n_%)} : (3.18)

We now need only evaluate the above expression for each k € Ny. We break

this up into three cases which we discuss in the sections that follow.

3.2.1 Case k =0, (Hardy-Ramanugjan)
To evaluate the Oth moment, ¢o(n), we apply (3.18), with & = 0. Note that
(3.3) with £ = 0 is merely (3.1).

We make the substitution z = e~ with z = 1, in (3.1), so that

e}

Gle* 1) =G ) =[[Ja-e~n" (3.19)

r=1

For ease of use we will not look directly at G(e~*), but at In G(e~*). We then have

*© © X e—arl
1 —ay _pmary ) )
nG(e @) Zln(l e ") ZZ l (3.20)
r=1 r=1 =1
The identity in (3.8) gives
et _ 1T a "t DD dt. (3.21)
[ 2

T—100
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Summing over 7 € N and [ € N gives us

—arl o400

InG(e) Zze 271m 0t Cr(B)Cr(t + V)T (H)dt, (3.22)

r=1 I=1 g—ico

which is valid for ¢ > 1 and |ph a| < § — 4, for any § > 0.
Let us now focus on the integral in (3.22). Note that as we shift the contour
lo the left we pick up the contribution from residues. For 0 < Ro < 1 we have the

residue at ¢ = 1 contributing so that
Y 1 1 o-+100 »
InG(e™) = ~Cr(2T(1) + o T GR(CR(E+ DI(E)dE
R :

™, L Ji T )t + Do)

" 6o 2mi ico
For —1 < Ro < 0 we have the pole of order 2 at t = 0 that contributes. Note that

the residue at t =0 is

1 1
]i{:eos {a7"GU)(RE+DT)} = ) In(27) + 5 In(a),

so that

oy 1 1

InG(e™®) = %o 3 In(27) + 5 In(a) + O(a).
Hence
oy (QNE 2

Ge=®) = (%) efs [1+ 0(). (3.23)

Lemma 3.2. For sufficiently large n,
G (e™) = 2736 in ievs” [1+O(n )] (3.24)

Proof. Equation (3.24) follows directly from (3.23) and (3.12). O

Now putting together (3.18) with (3.24) and (3.16) yields the following result.

Theorem 3.2. (Hardy-Ramanujan [14]) The asymptotic number of ways to partition
n over N is

to(n) = 4—\1/§n_16”\/? [1 + O(n_%)} . (3.25)
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Proof. Putting together (3.18) with (3.24) and (3.16) yields

to(n) ::ffigxf_fl.l;[ gékl—%—C7(n3>]

21 1

= —=n
43

which is the desired result. O

3.2.2 Casek=1
To evaluate the 1st moment, ¢1(n), we apply (3.18), with k = 1. Setting k = 1,

note that (3.3) gives

= G(z,2) Z =

1—zar
e~ 2T

For convenience in later calculation we denote the proceeding sum S(z, z); formally

Z — (3.26)

r=1

Note that from above we have

G (z,1) = 9G(z) = G(z) Z = (@)Y ) o (3.27)

reN reN [eN

The substitution x = e~® with (3.8) gives

1 o+100
IG(e™) =G(e™) ) > o o I () dt
reN len 2T Jo—ioo
— o) [ e G or o
B ‘ 2mi o—100 “ & &

The above integrand has a pole of order 2 at ¢ = 1. Note that

Res {a”"Cr(DGR(DT (1)} = 1= e (3.28)

«
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where ~ is Euler’s constant, so that

v —Ina

"G (e™) = e"*G(e™?) ( > 1+ O(a)] (3.29)

(%

Now applying (3.12) we have

('Y - lna) [1+0(a)] = @ (fy +1n @) [1 + O(n_l/Q)] : (3.30)

(07 ™

Along with (3.24), the previous calculation for e"*G(e~®) in terms of n, gives
2726ini _ /m V6
gy = 26t o (7 s ln_"> 14 O]
T T

We need to simply put together the pieces, with & = 1 in (3.18), using the above and

(3.16), to give the following result.

Theorem 3.3. Let k =1, then

ti(n) = \/51 eVE (7 + In @) [14+0(n?)]. (3.31)

3.2.3 Casek > 2
Having completed the cases for k = 0,1 we now proceed to give a result for all
k > 2. Note that computation of this result will involve k-th derivatives of S(z, z)

(equation (3.26)). To do this we use the following theorem.

Theorem 3.4. For ¥ =z and G(z,z) as in (3.1),
WG (e) = Gle ) SH®) (e7)

with

S =2 bllbglk-!- bl (ﬁosﬁ_a)yl (ﬁls;e—a))"? - <W)bk ,
(3.32)

where the summation over all nonnegative integer solutions of by +2bs+- - -+ kb, = k.
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For a proof of the above theorem see Riordan [25].

We apply (3.32) to yield for k > 2,

P*G(e™) = G(e )W (e)

=G 2 bllbglk.!. by (1905;(!3—“))“ (1915;3—“))” - (W)bk ,

where the summation is over all solutions in by,bs,...,b,, € Ny of by + 2by + --- +

kb, = k. For readability we denote the summation above Y (9°5(e™®),9'S(e™@), ...,
¥*=1S(e=®)). With this in mind we proceed as before.
Equation (3.32) gives
S (s) Jr S jr
(s—1) _ 216 (s) z _ () @
v S(%, 1> o Z (1 _ xr)s o ch Z (1 _ xr)s o ch Sg (m)’ (333>
reN 7j=1 reN
where SY(z) = ZreN%, and cg.s)’s are defined as in [22] by ¢ = 0, " =
1, c§2) =1, cg) =0, and for s > 2,
y )i il 1<j<s
Y = (3.34)
0, Jj=s+1

«

Using the substitution z = e, we are interested in sums of the form

—agr

e e
Sg (e ) = Z m. (335)
reN

Note that

1 [+s—1 .

-y :
(1 - [L’)S 1eNg s—1
so that
, —ajr , [+s5—1
st =L - e e | e
reN (1 —emer) reN 1eNy s—1

[+s—1

— Z Z e—or(i+)

reN IeNg s—1
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Applying (3.8), we have

o+100

[+ s—
=> Y " % / a~tr7H(1+ §) 7T () dt

reN 1eNg —ico

1 [oico [+s—1
=5 a”! (Z r—t> > (L+7)" | T(t)dt.

7100 reN 1eNy s—1

Recalling Proposition 2.7 we have

o [+s—1
GtiD=wt)=S"| |+

1eNg s—1

where (5(t, 7) is the zeta-function of Barnes of dimension s. This yields

1 o+i00
S =5 [ a (0l P, (3.36)
which easily gives, for s > 2,

Si(e™) = —CR(S)F(S)ReSS {¢s(t, )} + O (™)

as

- L0 0 o),

where Bés)(a]f') = 1 is the Oth s-dimensional Bernoulli polynomial evaluated at a and

7. Thus
Si(e™®) = aCr(s) 1+ O (a)]. (3.37)
Here we also note that for s > 2,
s+1 s+1
Zc (=) — Z [ ) 4 (s—j+ 1)c§-s_)1} (3.38)
7=1
= chgs) + Z(S — j)cf) =5 cg-s) = sl. (3.39)
=1 j=1 j=1

Using the above,

9*S(e™) =Y VS (x)
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Applying the proceeding equation and (3.12) yields

> (@°8(e), 9" S(e), ..., 9 1S(e))

= (@) Z (fy—kln @,CR(Z),...,(k — 1)!{73(16)) X

™

x [1+O(n—%)]. (3.40)

The above result along with (3.24) and (3.16) applied to (3.18) gives the following

result, correcting Theorem 2.1 of Richmond [22].

Theorem 3.5. For k > 2,

tr(n) = Lnfle”\/g <@) X

(e

<y (7 + 1n@, R(2),..., (k- 1)!@(@) : [1 + O(n*%)} .

3.8  Properties of Summands
In this section we give expressions for the expected number of summands as

well as the variance of of the average number of summands.

Definition 3.2. The expected number of summands of a Riemann type partition of an

integer n, denoted by m(n), is

This leads directly to the following proposition.

Proposition 3.2. The expected number of summands of a Riemann type partition of

m(n) = @ <7+ln@> [1+(9 <n_71>} :

an integer n s

™

Proof. The solution follows from the direct division of ¢;(n) by to(n). O
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All of the needed details for the calculation of the variance of the average number
of summands for a Riemann type partitioning are given in the discussion proceeding
the calculation of the variance of a general sequence. So as not to do two identical
calculations, we will merely define, and then state the variance for Riemann type

sequences as a corollary to Theorem 4.4 of the next chapter.

Definition 3.3. The variance of the expected number of summands of a Riemann type

partition of an integer n, denoted by o?(n), is

=i~ (i)

Corollary 3.1. For a Riemann type partitioning,

o*(n) =n [1 +0 (n%ﬂ :



CHAPTER FOUR

General A-Type Moments

There is, essentially, only one problem in statistical thermodynamics: the
distribution of a given amount of energy E over N identical systems.

Erwin Schrodinger [26], 1946

4.1 Introduction
This chapter presents the main results of this paper. It answers the question,
how many ways are there to write an integer n as the sum of members from a given
sequence of nondecreasing natural numbers? We will denote this type of sequence
by A, and will proceed using the results of the background section on general zeta-
functions. After the consideration of the 0-th moment, higher moments and variance

are calculated.

4.2  General Results for all k
Throughout this chapter we denote by A a sequence as defined in Section 2.5

with the additional stipulation that 1 € A.

Definition 4.1. Let pa(n, m) be the number of partitions of n into m summands where
each summand is a member of A. The k-th moment of pa(n,m) is denoted by t% (n),

and is defined by
tljx(n) = Z mkp/\(n’m)a

meENy

where pa(n,m) =0 for m > n and py(n,0) = 0.

Using this definition we run into the same problem as in the Riemannian chap-
ter; that is, we need a more reasonable way to compute t5 (n). We resolve this problem

with the same approach, first we construct a generating function and then we continue

41
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by evaluating the coefficients of this generating function. Many of the calculations
presented in this chapter are analogous to those of the previous chapter, so that for
fear of being too repetitive, similar calculations are omitted.

As before we define

= Z Z pa(n,m)z"2" = H(l — 2™ (4.1)
neNy meNg AEA
and use the operator ¥ as in (3.2). Note that
G (x,1) = G (x Z Z mFpa(n, m)x Z th (n)a™,
n€Ng meNg n€Nog

so that we have constructed a generating function for 5 (n).

Since A contains only integers, we may apply Cauchy’s formula for Laurent

Series coefficients, so that for € > 0 suitably chosen, we have

1

th(n) = _‘/C(O )ﬁkGA( z)z~ "Dy, (4.2)

211

—a

which, with the substitution z = ™%, easily becomes

1 -a ~a
th(n) = 5 / el me Tt mIEGAE)) g, (4.3)

271

where, as before, s.p. indicates a path that goes through the saddle point, at a = «,
of the integrand.
Again the above choice of « is dependent upon a saddle-point condition; that

is, « is the solution® of

n=>y eaAA_ - (4.4)

AEA

Since we are interested in large n, we are interested in small o, hence we make an
asymptotic expansion for « sufficiently small. Using (3.8)

1 o+100

= — DD () dt
" Zz2ﬂ'i o (t)dt,

1 See Appendix A.
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which gives
1 o+1i00 »
n=— a At — 1)Cr(H)T(t)dt, (4.5)
2mi o—100
where the contour is similar to Figure 3.1, but 8¢ > g + 1 so that we contain all of
the residues of the integrand. The integrand has a simple poles at ¢t = pg + 1, g +

1,...,1,0, so that

d
= STRUEED e o), (4.6

aritl a
=0
where Aj’s are given by (2.30). A general expression for «v in terms of n may not be
obtained, but for any given set of singularities (the p;’s) the solution is easily realized,
examples of which will be given in the next chapter. Thus, throughout this chapter
a will be defined as the solution of (4.6).

Applying Theorem 3.1 as in Section 3.2, gives

ena,ﬁkGA(e—a>

th(n) =
A(n) o

dn
da |a:a

[ 27 +@(n_3/2)]. (4.7)

We now begin to evaluate some of the pieces of the above equation.
First, we simplify "G, (e~®) as before, making two cases; k = 1 and k > 2.

For k =1,

VG (2, 2) = Zd%* {H(l - zx’\)l} (4.8)

AEA
a? -1
=z —— [J -z (4.9)
AEA AEA

A

2T
=G : 4.10
M) 3 (410

AEA
For convenience in later calculation we denote the proceeding sum Sy (z, z); formally
A
zr

S = . 4.11
M) = 3 (411)

AEA

From above we have 9Gj(e™*) = Gp(e ) Sa(e™@).

For k > 2 we gain a similar result; that is, repeating the above process yields

PEGA(e™) = Gale )P (e™®).
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Reiterating that G (e™®) = GA(e_a)S/(\k)(e_o‘) for all k > 1, we see that for

k > 1 (4.7) becomes

th(n) = S (e™@) -

e"*Gpe @) [ —2m

o + O(n—?’/?)] : (4.12)

dn
%|a:a
It is apparent in the proceeding equation that for each moment, the quantity

e"*Ga(e™*) must be known. For this reason, let us take a moment? to determine this

quantity. Analogous to the calculation in the Riemannian chapter, we see that

efa)\l

ImGa(e) =)D —
AeA leN

1 o+1i00

= a” A () Cr(t+ DT (t)dt.

2mi o—100

The integrand has simple poles at ¢t = pu; for ¢ = 0,1,...,d, and a double pole at

t = 0. Calculation of the integral gives

d
InGp(e™®) = Z WAM + Ay lné + ¢5(0) + O(a). (4.13)

=0

Since e"*Gy(e®) = emetnGale™) e have the following lemma.

Lemma 4.1. For « the solution of (4.6),

d

i+ 1
e"Gp(e”) = a M exp E a :r
a (3
i=0

R + 1)A_, + Ao+ G (0) | 1+ O()]. (4.14)

Changing focus to %|,_,, we note that since this term is not exponentiated in
da
the solution of t§(n), thus to obtain asymptotic results, we need only determine the

leading order. With this in mind, (4.6) gives

dn po(po +1)

= 22 D ey + DA, 140 ()], (415)

1 —2 L
- [ d_n ﬂ- + O(’]’L_E}/Q)] = (271'#,0(‘,[,0 —I— 1)CR(H’O —I— 1)A_,u0) 2 OZ7+1><

dpo+5

X [1+O<a ; )] (4.16)

2 No pun intended.



45

With the main calculations behind us, we now begin to consider specific k
values. We break this up into two cases; k = 0 and k£ > 1. The proceeding calculation

brings us to our first general moment theorem.

4.2.1 General A-type: k=10
To evaluate the Oth moment of the general A-type, tQ(n), we apply (4.12), with

k =0, along with Lemma 4.1 and (4.16) to yield the following theorem.

Theorem 4.1. For A-type partitions,

t9(n) = (2mpo(pto + 1)Cr(pto + 1) Ay, ) 2 a5 T1-A0x

X exp Z“’ L e+ DA, + A+ C(0)| [1 4+ O(a)].

4.2.2  General A-type: Case k > 1
In evaluating the k-th moment of the General A-type for k > 1, tk(n), we note

that (4.12) gives the following proposition immediately.

Proposition 4.1. For all k,

th(n) =13 (n) - SL (™). (4.17)

As a consequence, to determine t§ (n) we need only evaluate S/(Xk)(e_o‘) and then

apply the above proposition. Note that as before

B e KPS\ (08 (S (e

(4.18)

where the summation is over all solutions in by, by, ..., b,, € Ny of by +2by+- - -+ kb, =
k. Again for readability, we denote the summation above > (9°Sy(e™®),91Sx(e™®),
L URLS (e7)).
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It is evident from the above equation that within the calculation for general £,
we will need the specific calculation for s = 1; that is, we must evaluate 9°Sy(e™®) =
Sa(e™®).

Note that (3.8) gives

Sple ) = L/U N a A ()R ()T (t)dt.

2 S i
To evaluate Sy(e™®) we must distinguish between a few cases. The above inte-
gral has different values depending on whether pg < 1, g = 1, or o > 1. We treat
these cases independently.

For py < 1, the leading pole of (z(t) at ¢t = 1 is simple, and so
1
Sa(e) = 2 11 0 (01w (4.19)
a
For pip = 1, the integrand has a double pole at ¢ = 1, and

Sa(e7) = = (FPAG O} + 74+ A1) — ) [L+ O )] (4.20)

«

_ é (FP{cA(®)} — Ay Ina) [L+ O], (4.21)

where ~ is Euler’s number.

For pp > 1, the integrand has a simple pole, at t = g, and

Sue) = RUSU g 0(1)) [1 4 0 (rstvom)] 4.9
_ CR(NiZ?—uo [1 +0 (amin(uofl,uoful))} - (4.23)

Having completed the evaluations for s = 1 we now focus on the terms 95715, (e7%)
for s > 1. Note that (3.32) gives

o1 L e i — ) gud
9 SA(ZL’,l) :ZW :ZCJ- Zm :ch SA’ (33), (424)
j=1

AEA j=1 AEA

where S} (z) = ZAeAﬁ, and cgs)’s are as in (3.34). Using the substitution

r = e % we are, as before, interested in sums of the form

e—aj)\

SUGEDY (== (4.25)

A€A
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Similar to the previous chapter

SZ’j(e_O‘) _ Z (1 — Z R Z 61 oo Z Z el(s)e—o&\(l—i-j)’

AeA AeA IeNg AEA I€Ng
so that applying (3.8), we have

g+100

ZZ o /U QTN+ )T (1)dt

AEA IENg —to0

QLM o%ioo a”t (Z )\—t> (Z Bl(s)(l +j)—t> T(t)dt.

g0 AEA 1€Ng

Since we arrive here at a place where we are dealing with two zeta-functions of dif-
ferent dimension, we adopt the following notation. We denote the dimension as a
parenthetical superscript (e.g. Céd) is the zeta-function of Barnes of dimension d).

With this new notation we yield

1 o+i00 5
() = / o~ a0 (¢, T (b)dt. (4.26)
2mi 0—100
Note that we have k values for s, s = 1,2,...,k. Previously in this section we have

considered s = 1, now we turn our attention to the following three cases for s > 2:
s < Mo, $ = po, S > Ho-

For s < py, the leading term comes from the simple pole of (5 (t) at t = pg, so
that
G (0, )T (110)

oMo

(e = Res {Ca(1)} + O (=)

1+0 (amin(uo—m,uo—S))} )
Now we have, using the above and (4.24), that

9IS\ (e7) = of”OA_H0 gs) (s)(uo, ) [1+ O (o™ (Ho—p1,p0= s))} : (4.27)
j=1
For s = pg, the leading term comes from the double pole of CA(t)Cl(;)(t, Jj) at

t = g, and so

Spie) = (55 () +ALEP L)) + ;4(;; (4 (s) - 1na>) x

[1 +0 ( min(po—p1, 1))]
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Thus
9 180(e™) = = (5~ DIFP {G(0)} + A (4(5) ~ Ina) +

+Z PP {cy w>}> [140 (amnbom)] L (4.28)

Finally, for s > pg, the leading term comes from the simple pole of Cl(;) (t,7) at
t = s, so that

S37(e™) = a~Gus) [1 + O (ametm) ],

and so
P*1Sp(e7) = (s — Dla*Ca(s) [1+ O (ami“(s”“”l))] : (4.29)
We are now in a position to evaluate S/(\k)(e’a). Again we consider three cases:
po > 1, po =1, pro < 1.
If 119 > 1, then the leading term of S/(\k)(e*“), as defined in (4.18), comes from
by = k. This is somewhat counterintuitive, but realizing that when by = k, b; = 0
for all ¢ = 2,3,...,k, shows that the relationship between ug and s € {1,2,...,k},
is overshadowed by the fact that po > 1. That said, we see that this implies that for
po > 1,
S ~ (Sae™)"
so that, (4.23) gives
U () ~ oot AR, (G ()] (4.30)

— o

If uo = 1, we have directly from (4.21) and (4.29) that

S =a 3 (FP LG} = A1 e, G (2), 260 (3), ., (k = DIG(K) )
(4.31)

Finally, if 1o < 1, (4.19) and (4.29) give

SV =a Y (G (1),€a(2), 260 (3), - -, (k= DIG(R)) - (4.32)

We may now apply Proposition 4.1 to give the following theorem.
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Theorem 4.2. For k > 1 and « the solution of (4.6), the following hold.

(i) If pio > 1, then
() = 3(n) - ook AL [Gr (o))
(ii) If jo = 1, then
A(m) = 13- 0™ 37 (FP G0}~ Ao G2, 2603), - (k= DI (k))
(iii) If po < 1, then
() = 3n) -0 D0 (G (1), Ga(2),260(8), - (k= DG (k)

We call Theorems 4.1 and 4.2, the General Moment Theorems.

For k = 1, the above theorem yields the following corollary.

Corollary 4.1. For A-type partitions, we have
(1) For py < 1,

ta(n) = ty(n) - :

(ii) For g =1,
() = 3n) -+ (FP {G(1)} — A1 Tna)

(111) For py > 1,
)AL

th(n) = 3(n) - 20

where « is the solution of (4.6) and tQ(n) is given in Theorem 4.1.

4.3  Properties of Summands of A-Type Sequences
As in Section 3.3, in this section we give expressions for the expected number

of summands as well as the variance of of the average number of summands.

Definition 4.2. The expected number of summands of a A-type partition of an integer

n, denoted by my(n), is
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Proposition 4.2. The expected number of summands of a A-type partition of an integer
n s
m(n) = Sa(e™®) [1+ O (a)],
where « is the solution of (4.6).
Proof. This result is an immediate consequence of Proposition 4.1. O

A direct corollary of equations (4.19), (4.21), and (4.23), is the following result.

Theorem 4.3. For « the solution of (4.6), the following hold.

(i) If o < 1, then

(1) If o = 1, then

t=1

ma(n) = é <FP {GA(t)} — A 1na> [1 + 0 (ozl_’“)]

(i1i) If po > 1, then

mA(n) = %}Lf—“o [1 + 0 (amin(uofl,%,m))}

Definition 4.3. We define the variance, 03 (n), over the the sequence A as

2y 300 (tk(n))?

ta(n)  \fi(n)

Let us recall Proposition 4.1, which states for all k£ € Ny that,

th(n) = 537(e7) - £ (n),
so that Definition 4.3 gives directly
aA(n) = [P () = (Sale™)?| 11+ O(a))

We note here that (4.18) gives,
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where above sum is over all solutions by, by € Ny of by + 2b, = 2. This yields only two

solutions, (b1, b2) = (2,0),(0,1), so that the above equation becomes
SP(em) = (Sa(e™))? + 9Sa(e™®),
which gives the following lemma.

Lemma 4.2. For a nondecreasing sequence A, the variance, o3(n), is
o3 (n) = 9Sx(e”)[1 + O(a)].
Applying (4.29), (4.28), and (4.27) to Lemma 4.2 we yield our next theorem.

Theorem 4.4. For a nondecreasing sequence A, the following hold:

(1) If po < 2, then
ox(n) = a?G(2)[1 + O(a)].
(i) If po = 2, then

o3 (n) = a2 [FP{GA(0)} + A5(6(2) ~Ina) + FP {1, 1) }] [1 + O(a)].

(111) If po > 2, then

or(n) = a2A 56 (1o, 1)[1+ O(a)).



CHAPTER FIVE

Some Applications of General Moment Theorems

The thermodynamic approach to the partition problem is of considerable interest as
it has led to generalizations which so far have not yielded to the methods of the
analytic theory of numbers.

V.S. Nanda [20], 1954

5.1 Introduction
In this Chapter we apply the General Moment Theorems of the previous chapter
to a variety of special cases. We will first examine the possibility of an abstract case
of only one singularity, then proceed to give values to the singularities, which give rise
to three different special types of partitions: Barnes, Epstein, and eigenvalues from
PDE’s. As in previous chapters, higher moments and variance are examined for each

case.

5.2 Zeta-functions with One Singularity
Let us suppose that we have a nondecreasing sequence of numbers A, whose

corresponding partition function O(¢) admits the full asymptotic expansion,

Ot) =Y Apth,
=0

in which kg < 0, and k; > 0 for all ¢ > 0. Define u = —ky. Then the zeta-function
associated with the sequence A, (5(t), has only one singularity at t = p. Having met
the assumptions of the General Moment Theorems, we proceed to apply them to the
above sequence A.

Note that within the previous chapter we could not solve for n in terms of the

saddle point a.. Since we now have only one singularity, this is no longer a problem,

92
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and (4.6) gives

S R e )

n

The General Moment Theorems now yield the following corollaries.
Corollary 5.1. For nondecreasing sequences A with associated zeta-function, ((t),
having only one singularity at t = pu, we have

1-2Ap 2A0—2—pn

(uCr (i + 1)A_,) T p 20D x

=

ta(n) = (2m(p +1))”

X exp [(Z) D) (Rl DAL 1 A0+ C4(0)| X

-0 ()],

Since the relationship between p and 1 is not specified the second general mo-

ment theorem yields multiple cases.

Corollary 5.2. For nondecreasing sequences A with associated zeta-function, (z(t),
having only one singularity at t = u, we have for k > 1 the following.

(1) For p>1,

th(n) =t} (n) - (m) ATt [Cr(12)]"

(i1) For p=1,

6

y Z (Fj (Ca(t)} — MA_:l In (QR(M +nl)ﬂA—u

(111) For p <1,

—k
2 =2
t (n) = £3(n) - n? (W A—l) X

) ,CA(2),2¢A(3), ..., (k — 1)!CA(k;)>

th(n) = 13(n) -7 (Crl+ DUA_) T S (Ca(1),Ca(2), 260 (), . (k = DI (R)).
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Applying Theorems 4.3 and 4.3 give the following corollaries.
Corollary 5.3. For nondecreasing sequences A with associated zeta-function, ((t),

having only one singularity at t = u, the following hold.
(i) If uw < 1, then

(1) If p = 1, then

man) = (CR(M +nl)uz4_u> .
< ((En oy - 2w St ) [ o ()]

w1 n

(i1i) If ;> 1, then

ma(n) = (r(p)A-, (CR(M +nl),uA_M) v [1 +0 (nﬁlﬂ

Corollary 5.4. For nondecreasing sequences A with associated zeta-function, ((t),

having only one singularity at t = u, the following hold.
(1) If p < 2, then

oi(n) = Rt (Cr(p+ 1),&14_#)#;431 GR1+0 (n[—ﬁlﬁ

(i) If p = 2, then

—2

o%(n) = n+ (Crlp+ 1)pA_,)m

< [ER (a0 + e (w02 = i (UL ) e (P}

1

x [1+0 (03],
(111) If p > 2, then

0% (n) = it (Crp + 1pA_) it Ao (1, 1)[1 + O (n%>]
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5.8 Barnes Type Moments
We will now consider two special cases of Barnes type moments, the 2-dimensional
and 3-dimensional cases, with # =1 and a = 0. These results correspond to two and

three dimensional oscillator assemblies considered by Nanda [20].

5.3.1 2-dimensional

For the 2-dimensional case, (4.6) gives

2r(3)\° R \ = T -
a:(RT) +(—3(2;(3))é)n3 —36—n+(9<n3)

We can also evaluate (5, (0) using (2.14) to give

6, (0) = 5 In 2 + (1)

We may now apply the General Moment Theorems to yield the following corol-

laries.

Corollary 5.5. For 2-dimensional Barnes Type sequence with a =0 and 7= 1,

(6 (2)) (2@(2)) 5

n

tg,(n) =

<i+0(n?)].

Making the substitution n’ = n/(2¢z(3)), for ease of comparison, the above

corollary corresponds to equation (34) on p.597 of Nanda [20].

Corollary 5.6. For 2-dimensional Barnes Type sequence with a =0, 7= 1, and k> 1,

o) = CRDT (1)’“ (2<R<2>)

2m 6 n
(B 2 @ (GO
XeXp[ 2 " Gt 1263 TR

i+o(n?)].
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Note that the case k = 0 of Corollary 5.6 is precisely ¢, (n) of Corollary 5.5. In
general this is true when the largest singularity is greater than 1; that is, in this paper,
o > 1. Thus when considering the 3-dimensional Barnes case, we will give only the
general result for £ € Ny. But first we give the expected number of summands and

variance as consequences of Theorems 4.3 and 4.4.
Corollary 5.7. For 2-dimensional Barnes Type partitions with a =0 and ¥ =1,

mg,(n) = (r(2) (%RL@)) ' [1 +0 (n*)] _

Corollary 5.8. For 2-dimensional Barnes Type partitions with a =0 and 7" = T,

o2 (n) = (2(r(3))7 ns
x [FP (@} +e) - %m (2<R<3>) +rp{c, 1)}}

x [1+O<n?>} .

5.3.2 S3-dimensional

For the 3-dimensional case, we evaluate (4.6) to give

oyt + (20 1

8(r (2 —3(R(3))*\ == 5 e
+( 432(7z (4))1 )n 32n+0< )
(0)

As before we evaluate (p, (0). Using (2.14)

Ch(0) = —5 2w+ SC(~1) + S Ch(~2).

We apply the General Moment Theorems to yield the following corollaries.
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Corollary 5.9. For 3-dimensional Barnes Type sequence with a = 0, 7 = T, and

k€ Ny,

th, () = B G

() (3@?(4))2 + 250 (3@7:(4)) K

(o= "E) () +] -0 0]

X exp

3))? 2)(r (3
where C' = §E 85 — “iad + 30r(-1) + 3R (-2).

Setting k = 0, and making the substitution n” = n/ (3(z(4)), the above corol-
lary corresponds to equation (51) on p.599 of Nanda [20].

Now, Theorems 4.3 and 4.4 yield the following corollaries.

Corollary 5.10. For 3-dimensional Barnes Type partitions with a = 0 and 7= 1,

mp,(n) = (r(3) (3<§(4)) Z [1 +0 (n%ﬂ '

Corollary 5.11. For 3-dimensional Barnes Type sequence with a =0, 7= 1,
0%, (n) = (3¢r(4)) T n2¢5) (3,1) [1 ) Qﬁ)} .

5.4  Epstein Type Moments
Let us recall, that for a Dirichlet boundary condition, as t — 0 the partition
function of the Epstein zeta-function, ©¢(t), admits to the asymptotic expansion (see

(2.22))

d
Cp ,=n
Oe(t) ~ D oqt ? (5.1)
n=0

where the ¢;’s are as in (2.23).
We now approach 2 and 3-dimensional Epstein Type moments in the same way

that we considered the Barnes type.
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5.4.1 2-dimensional

Note that for the 2-dimensional case, (4.6) gives

T(2)\? - e (3) ) = 1 i
a:(T> nz —(m)n4 +8—n+(’)<n4>.

Using this information we gain the following corollaries to the General Moment

Theorems.

Corollary 5.12. For 2-dimensional Epstein Type sequence with a =0 and 7= T,

) = (r26e(2) ¥ (%2))

X ex T — M ni_(CR@)Q /
p[ (r(2) <\/§(CR(2))1> —+§52(0)]

Corollary 5.13. For 2-dimensional Epstein Type sequence with a = 0, 7 = T, and

k> 1,

te(n) = (PR(2) 7 (=
X eXp [ TCr(2)n — (M) ni— M + géQ(o)]
<3 (Fp G} - Fin (P52 ) e @), 200 B0 (6 - DG 0)

1+0(n?)].

Theorems 4.3 and 4.4 give the expected number of summands and the variance

= (WCR(Q) s

of summands.

Corollary 5.14. For 2-dimensional Epstein Type sequence with a =0 and 7" = 1,

it = (22)' (e {0} -2 (S52) ) e 0 (o)

Corollary 5.15. For 2-dimensional Epstein Type sequence with a =0 and 7 =1,

| IS

) = o) [1+0(n?)].
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5.4.2  3-dimensional

For the 3-dimensional Epstein case, (4.6) gives

(nggﬁ(g)fng(gz@@))( r )
16 5 ) 2 (3)

! 2%100?5(;))2 (5CR (;> (r <g> - 2(@(2))2) ns +0(n).

(Sl

Here we may note that pg = % > 1, so that we have the following corollary to

the General Moment Theorems.

Corollary 5.16. For 3-dimensional Epstein Type sequence with a = 0, ¥ = 1, and

k?ENo,

(@) 3R (3) ()
10(R ()" 206 (3)

Theorems 4.3 and 4.4 yield the following corollaries.

10 (n?)].

+ (g, (0)

Corollary 5.17. For 3-dimensional Epstein Type sequence with a =0 and 7 =1,

W%CR % n : =1
me,(n) = 8< ) (3%3123 (g)> [14—(’) <n 5 ﬂ .

Corollary 5.18. For 3-dimensional Epstein Type sequence with a = 0, ¥ = 1,

2 (1) 16n
0 ()

4
5

@ (2) [1 +0 <n%>} .
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5.5  Moments over Spectra from PDE’s
As a preliminary to considering a general partial differential equation, we first
take for an example the 2-dimensional Epstein zeta-function with Neumann boundary
conditions, a = 0, and 7 = 1. Note that from an earlier section we have

Z e*(”%*”%)t ~ Et*l + ﬁt% +

1
—. 2
4 2 4 (52)

n1,m2€Ng
The above partition function arises naturally when one considers the manifold M in

Figure 5.1 below.

Rt

Figure 5.1. The Manifold M in the Complex Plane.

Note that vol(M) = % and vol(OM) = 4r. Also note (5.2) gives
A= Z = (47) " 'vol(M) and AL = vr = i(47r)_§vol(8/\/l). (5.3)

Though this seems somewhat coincidental, the following theorem realizes this

general phenomenon, see Gilkey [9], Greiner [11, 12], and Seeley [27, 28, 29].

Theorem 5.1. Let Q be a smooth compact subset of RY. Let P = —A + E where A
is a Laplacian and E € C*(Q2). Denote A\, as the eigenvalues such that Py, = Anen
where p, has Neumann boundary conditions. Then

o) = 3 e f:AZthlzd. (5.4)

n=0 =0
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The first five coefficients, the A;’s, of the above sequence are known, see [1§]
pp-166-178 for details. The first two coefficients are easy to work with. They are

Aa = (4m) %dvol(Q)

nl
Ay = (47)"F )Zvol(ﬁQ)

Though the next three coefficients are known, they involve much more complication
in calculation, and are not paramount to our discussion.

The above theorem gives a full asymptotic expansion of the partition function
so that we may apply the General Moment Theorems to the sequence of eigenvalues.

Note that (4.6) gives

(A1), (A= D+

2adtl i 2a@+1 Atz
d
—i)r(52+1) Ay Ay A 3
+Z 20/’121“ Aa+—+ =5 —i—FoH—(’)(a ). (5.5)

i=

In general an equation relating « in terms of n can be found if desired, we leave this

to the interested reader. Though our result will not be as accurate as previous results,

24+lran @
O"“(dgn(5 )m(@)) ’ (5:6)

using only the leading order of the series.

we will assume

The first general moment theorem gives the following corollary.

Corollary 5.19. For the sequence of eigenvalues of a partial differential equation over

Q a smooth compact subset of R,

d—4+4A4¢

*% 2d+17r2n 2(d+2)
(2 * 1) VOl(Q)) (an (4+41) vol(Q))

< —z+2>C (d—i+2) 24+l 15y a2
® 2 dir (£+ 1) vol(Q)

+Ag + Chpp(0)] [1 +0 (n*)} . (5.7)

hos) = (o okt

2d+2ﬂ-

&.
»

d
X exp E
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If the dimension d is given, it is quite easy to apply the second general moment
theorem, Theorem 4.2. Since our consideration does not specify a certain dimension
d, Theorem 4.2 does not contribute anymore information than as previously stated,
thus we do not consider the case of higher moments at this time.

A much more pleasant calculation is that of the expected number of summands
and the variance. Theorem 4.3 and 4.4 give the following corollary for the partition

over eigenvalues.

Corollary 5.20. For the partition over eigenvalues of a partial differential equation
over ) a smooth compact subset of R?, the following hold.

(i) If d = 1, then

%
4nﬁ -1
mppe(n) = Cppe(l) | ——— [1 +0 (nTﬂ )
(i1) If d = 2, then
dn/T 3

2¢Rr(2)vol(Q2)

x (ffl’ (Cooe) ~ 2 1 (ZCRii>;(;<Q>)) 1+0(n?)].

mppg(n) = (

(i1i) If d > 3, then

G () vol@) [ onmt ) s
mepe(n) = - (47r)§ (dCR (4+1) vol(Q)) [1 +0 <n < >>] '

Corollary 5.21. For the partition over eigenvalues of a partial differential equation
over Q a smooth compact subset of R%, the following hold.

(i) For d < 4,

_4

d
20+1r5p

hoeln) = e (dCR (2+1) VOl(Q)) ¢ppe(2) [1 0 <nﬁ2>} '
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(i1) For d =4,

Phopln) = nfs (2T
PDE dCr (4 + 1) vol(Q)
(

2 24+
X [F:f; {Crpr(t)} + TE <¢(2) + 712 In (dCR 1) VOl(Q)))

+FP {g,ﬁ?(t, 2)}} [1 +0O @Tﬂ .

(111) For d > 4,

4 244175y w2 d 1
2 T @ (2 a2
7ppp(n) =n® (ng (Z+1) vol(Q)) Aals (2’2) 10 (n )],

where A_o 1s, in general, not known.




CHAPTER SIX

Conclusion

This paper has presented the General Moment Theorems, general theorems
for the moments of partitions over sequences whose associated zeta-functions are of
arbitrary dimension, as well as a general theorem for the variance of summands. In
particular, the first general moment theorem gives the number of ways to write an
integer n as the sum of summands from a given sequence A of nondecreasing natural
numbers.

After the consideration of a general one-dimensional case, applications to Barnes
and Epstein type sequences were given, which led nicely into an application to se-
quences of eigenvalues of a partial differential equation.

Though it was not emphasized, all of the partitions discussed were unrestricted
and non-distinct; that is, there was neither a restriction on the value of an element
nor the number of times an element of the general sequence could be used in the
partitioning. The underlying reason for the examination of unrestricted non-distinct
partitions is their physical application in statistical mechanics, particularly to Bose-
Einstein gases.

A natural extension of the General Moment Theorems would be to consider
distinct partitions. Distinct partitions also have physical application, for example,
within the consideration of Fermi-Dirac gases. Because of the similarity of the gen-
erating function used for distinct partitions, an approach similar to the one used in
this paper is a likely starting point.

Restricted non-distinct partitions would be another natural extension of the

General Moment Theorems.

64
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Though a physical application is not apparent, another interesting direction to
pursue, would be to examine a partitioning over a recursively defined sequence, such
as the Fibonacci sequence.

As is evident from the above discussion, the ideas presented in this paper lead

to many questions, which we hope to consider in the future.
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APPENDIX A

k-independence of Saddle-Point

A.1 k-independence of Saddle-Point Leading Order

The saddle point « is defined as the solution of

is(k) —a
n=3%" A @S (@) (A1)

aX _ k) —a
hea © 1 S/(\ )(e )

where SU7 (™) = S2(S5, 954, ..., 9 LS,).
The case k = 0 is considered in the text, with the note that, for leading order,
this is the only case that need be considered. We set out now to prove this.

Consider now the case k = 1. For ¢ > s, 1 and |ph o < 7 — 4, we have

1 o+1i00
Sa(e ) = 5 / GG OT (A.2)
so that
_ o+i00
%SA(e_O‘) = 2—732 /U L ta A ()R (BT (t)dt. (A.3)

As we did in calculating the moments at & = 1, we must again consider the
three cases: < 1, p =1, and g > 1. Direct calculation gives the following lemma.
Lemma A.1. For u >0,

diaSA(e_a)

_ D =0 (of ) ) (A.4)

Proof. Let =1, then (4.21) gives

Sne) =~ (FP{G(0) — A1lna) [1 + 0],

t=1
and similar calculation gives

Lsn(e) = 3 (FP LG}~ A1 na) 1 + O )]
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Thus
4G (e
_@sale) 1, (llnl) —0(a ),

Sa(e@) a a o«
which is the desired result.
Since the calculations are analogous for the three cases listed above, we leave

the other cases to the reader. O

Having considered this case, we now let k& > 2. For this consideration we will
need to take the derivative with respect to a of the sum S/(\k)(e_o‘) = Y(Sa, 95y, ..., 0F7LS,).

Direct calculation gives

d ), —ar k! Sa(e)\" ! d I N N
qaon e )_Zblle!...bk![bl 1! dan €™ 2 o

L (&(e‘%)’” (19‘“‘1&(6‘“))6’“1 g1, ()

TR 1! k! do

where the summation is over all solutions in by, bs, ..., b,, € Ng of by +2by+- - -+ kb, =
k. Note that by = k gives the the leading term of the above equation as well as that
of S/(\k)(e*a). With this in mind we proceed with the following lemma.
Lemma A.2. For u >0,

_%S/(\k)(e_ ) —0(aY). (A.5)
Sy (e
Proof. From the above discussion we see that b; = k gives the leading terms of both

%Sgk)(e_“) and S/(\k)(e_o‘). Calculating with only leading term in mind we have

CASe ) R(Salem )P SN (e ) +

P ey (Sa(e))k+ -
_ k%SA(e_O‘)
N SA<€7O‘)
=0 (a_l) ,
where the last equality follows from the proceeding lemma. O

These two lemmas now give us what we need to show the following proposition.
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Proposition A.1. The leading order of the saddle-point o is independent of k. More-

over, for leading order of a one need only consider the case k = 0.

Proof. Let k > 0 and « be the solution of (A.1), then Lemma 6.1 and Lemma 6.2

give

A _
n:ZQaA_1+O<a 1)'

AEA
Eq. (4.6) gives
n = Crlp+ DAy + O (oz_’“_l) + O (oz_l) ,

aﬂ+1

but O (a7 1) + O (a™) = O (a™71), so that for all k

o SRt DA, [1+0 (a#)],

which is the assertion. Hence for leading order of v one need only consider the case

k=0. [l

A.2  k-independence of exponential contribution
For the purposes of this calculation we consider only leading orders and those
terms which are dependent on k. Also we denote pg = p for convenience. Under

these special terms, for ¢(k) some k-dependent coefficient, (4.6) gives

DuA_ k
n:CR(M+ )'u “+...+@+...
omtl o

(R(p+ DpA_y, (1+__.+ c(k)

i+l

Solving for é gives

1

1 ( n Bt 1
a  \Cr(p+1)pA, c(k) s
(14 G0

1

- (Cn(u +n1)uA—u) h (1 T e 1)Cnc((j)+ DA, ) '
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1

This equation yields o =2 (M> o , So that

n

é - <CR(M +nl)uA_ﬂ) " x (A.6)
X ce c(k) Crp+1)pA_, =)
<1 ! (n+ 1DCr(p+1pA, ( n ) + >
(A.7)
- < ; )MH e (A.8)
Crpe+1)pA_,
_ c(k) Crlp+ DuA_
(1 + DCr(u+ pA_, ( - ) +o (A.9)

To see if c(k) will contribute to the moments we inspect nag(n)+1In G (e=+™),
denoted by E,, for brevity, where ax(n) encompasses the above k-dependence of n.

Upon inspection we have the following set of equalities.

(pt+ Derlp+ DA

1 —ak(n)y — —
nag(n) +InGy(e ) = Eq, =c(k) + o ()

Applying (A.8)-(A.9) to this equation yields

1

Buy = (k) + (1 + 1)Crlp + 1) A (CW S )+

1

CRM+1MA_“> e H
(u+1)C7z u+1 pA—y
= o)+ Gt Vel + DA ()

(1 +DCr(p+ DpA—y \Gr(+1)pA_,

= )+ ot DGl + Dy ()

—p

b n VL
(1 + DCr(p+1)pA_, (Cn(u + 1)MA_M) *

=c(k) —c(k)+---

Thus the exponential contribution of the saddle-point is k-independent up to

O(a).



APPENDIX B

Fourier Analysis

This appendix contains Propositions and Examples (calculations) regarding
Fourier Analysis (Transforms). It is provided for those students whom may not have

seen these results before.

Example B.1. Let F(z) = e=™. Then F(z) = e~ ™.
Proof. Let F(x) = e ™. Since e le=™*|dx < 0o, we have
/ o2z g,
/ o~ —2mizutmui—mu? g .
/

7 (ziu)? —mu? dr

o0

= / e~ mEtin)? go

— e ™ / ) A Gl

o0

Now let v = \/7(z + iu), so that dv = \/wdx. Then

/ WA g

so that F'(u) = e ™. O
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Example B.2. Let F(z) = e "(#+9° Then F(z) = ¢?mioue=m,

Proof. Let F(z) = e ™@+%* Since [*_|e~™@+9"|dr < 0o, we have

8

— 2 _9mi
e w(z+a) e 27T7,£E’de

F(u) =

83

—7[(z+a)?+2izu] d

(& T

83

—7[(z+a)?+2izu—2iaut2iautu’ —u?] d

e X

00
> 2 2,2 2
6771‘[((174’0,) +2iu(z+a)+i*u® —2iautu ]dl’

I I
— T

[e.9]

00
a2 _ 12
_ e2maue U / e [(z+a)+iu] dr

o0

00
a2
_ eZﬂ'zaue U / e —(V7[(z+a)+iu]) dl’

o0

Now let v = \/7[(x + @) + iu)], so that dv = \/mdx. Then

& 2
/ e " dv
—0o0

o0 S
/ o~ WAta)inl? g

2

so that F(u) = e2miaue—me’,

2
Example B.3. Let F(x) = (%) Then F u) = \/te2miauvig=mu’t

—~

Proof. Let F(x) = e_W(H%) . Since [7_|e (o ) |dx < oo, we have

e
/ 7T —27ria7u dr

/ -7 i +2mu+2muxf 2iaur/t+u?t—u t]d

o0

oo 2
; 2 _ z ; x ) 42,2
e27rmu\/fe—7ru t/ e n[<a+ \/Z> +2wcux/z:,<a+\/z>+z u t]dl’
)

oo
) - @ ) 9
:627rmu\/fe—7ru2t/ e w[<a+—ﬁ>+zu\/ﬂ dr
—00

_ 627riau\/fe—7ru2t / e*[ﬁ<a+%+iu\ﬁ>}2dw‘

o0
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Now let v = /7 (a + 5+ zu\/f), so that dv = \/Tjd:c. Then

/ o WA(or g2 g, V1 / e du
VT )

\/_\t/g:\/a

so that F(u) = \/fe2mau\/£6,7m2t' ]

Theorem B.1. (Poisson summation formula) Let F € L'(R). Suppose that the series

> | (m)| < 0.

mEZL

Then

Z Fn+wv) = Z F(n)e?miny,

neL neZ

Proof. Let G(v) =), F(n+wv), so that since G(v) is a function of period 1, we have

G(U) _ che2winv’

Z

where the ¢,’s are the Fourier coefficients,

1
cn:/ G(v)e ™™ dy.
0

Now using our integral we see that

Cp = /01 G(v)e ™ dy = /01 ZF(n +v)

6727rzm) dU

F(n+ v)e_%i””] dv

z
Z

- |

/ F(n+v)e_2m””dv]
0

= F(v)e ™ dy
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where the second to the last equality is dependent upon the period of v, being 1. Now

substituting F'(n) = ¢, into our original equation, we have

= F(n)e”™™ =Y " F(n+v).

Z
O
Example B.4. Using Example B.3, we show
S ) = ¥ Fln)
nez nez
Proof. Using Theorem B.1, we have
Zﬁ(n> 2minv _ ZF(n + U)
Z Z
Letting v = 0, we gain
2 Fm =2 F(n
z z
which is the assertion. O]

Example B.5. Using the previous two examples, we have

§ 6—(n+v 2n/x __ \/_E : -n 7r:p+2mm)

nel nez

Proof. Using Theorem B.1, we have

Z F(n)e?inv — Z F(n+wv).

Starting with



so that

and again using Theorem B.1, we have our assertion, that;

E 6—(n+v 2n/x __ \/_E : -n wx+27rmv

nez ne”L

Example B.6. Note that Example B.5 with v =0 is

Sy

ne’l neL

Also note that

Zeanﬂ/x_Ze*nﬂ'/z_i_Ze —n) 7r/x+1

nez
_22 /e 4

1
(1)
x
where we denote > ™™ = U(x).
Likewise,

Z €,n2ﬂ-x _ Z €7n27rx =+ Z e*(*n)%m +1
N

nel

so that our equation from Example B.5 becomes

20 (i) +1 = VER0(2) + 1],

or rather
1+ 2V (x) 1

1+20 () o’

which was used heavily in the section on the Epstein zeta-function.
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